Abstract. The aim of this paper is to develop the Kaneko-Zagier conjecture for higher levels of multiple zeta values. We introduce finite and symmetric multiple zeta values for arbitrary level and prove that they are obtained from an algebraic and analytic operation for a certain multiple harmonic q-series of level N at primitive roots of unity. Relations for finite and symmetric multiple zeta values for level N , such as reversal, harmonic and linear shuffle relations, are also given.
Introduction
For each index k = (k 1 , . . . , k r ) ∈ Z r >0 , Kaneko and Zagier [10] introduce the finite multiple zeta value ζ A (k) as an element in the Q-algebra A = p F p p F p with p running over all prime. They also define the symmetric multiple zeta value ζ S (k) as an element in the quotient Q-algebra Z/ζ(2)Z of the algebra Z generated by all multiple zeta values. They established an exciting conjecture on these two objects, stating that finite multiple zeta values satisfy the same Q-linear relation as symmetric multiple zeta values and vice versa. This conjecture (called the Kaneko-Zagier conjecture in this paper) is far from being solved at the present time, but remarkably, several relations among finite and symmetric multiple zeta values are found in the same form, which provide partial evidence for the Kaneko-Zagier conjecture, by many authors. See [9] and [16] for references. In this paper, we wish to develop finite and symmetric multiple zeta values for higher level through a study of truncated multiple harmonic q-series of level N (see (2.1) for the definition) at q = ζ m a primitive m-th root of unity. The case N = 1 with a slightly different model was studied in [2] , where the authors showed that finite and symmetric multiple zeta values are obtained from an algebraic and analytic operation for truncated multiple harmonic q-series at primitive roots of unity ([2, Theorems 1.1 and 1.2]). Let us recall these results in our setting.
For simplicity of notation, we denote by z m (k; q) the truncated multiple harmonic q-series of level 1 (take η = (1, . . . , 1) in (2.1)). In a similar manner to [2] , one can exists for any k ∈ Z r >0 and is congruent to the symmetric multiple zeta values ζ S (k) modulo the ideal generated by π 2 and πi. Namely, for all k ∈ Z r >0 one has (1.1)
As a corollary, we see that a relation among z m (k; ζ m )'s, whose coefficients are in Q and do not depend on the choices of ζ m , gives rise to a relation among finite and symmetric multiple zeta values in the same form. So, one can derive partial evidence of the Kaneko-Zagier conjecture from the study of relations of z m (k; ζ m )'s (see [2, 3, 13] ).
Our main result of this paper is a generalization of (1.1) for the truncated multiple harmonic q-series of level N. We first introduce finite and symmetric colored multiple zeta values (Definitions 3.1 and 4.6), which is also studied by Singer and Zhao [12] in a special case, and then, prove a generalization of (1.1) for N ≥ 1 (Theorems 3.2 and 4.11). We also study relations of these values, in particular, reversal relations and harmonic relations are derived, at the same time, from those for truncated multiple harmonic q-series at roots of unity (Propositions 5.1 and 5.2). Additionally, the linear shuffle relation for finite and symmetric colored multiple zeta values are also proved without using multiple harmonic q-series (Propositions 5.3 and 5.4). In any case, relations we obtain are the same shape, so we may expect that finite and symmetric colored multiple zeta values satisfy the same linear relations over Q(ζ N ), which can be viewed as a higher level analogue of the Kaneko-Zagier conjecture (see Section 5.3).
Preliminaries
2.1. Notations. Throughout this paper, for a positive integer N we denote by µ N the set of N-th roots of unity. For a positive integer m, we denote by ζ m a primitive m-th root of unity and by Q(ζ m ) its cyclotomic field. For an index k = (k 1 , . . . , k r ), we call k 1 + · · · + k r the weight. The complex conjugate of a ∈ C is denoted by a. We often use the relation η = η −1 for η ∈ µ N .
As usual, the Kronecker delta is denoted by δ a,b .
2.2.
Truncated multiple harmonic q-series at roots of unity. The truncated multiple harmonic q-series of level N is defined for a positive integer m and indices
is the q-integer. We will be interested in the value at q = ζ m a primitive m-th root of unity:
which lies in Q(ζ m , ζ N ) (⊂ Q(ζ mN )). We note that the above sum is not well-defined, if ζ m is not primitive.
In the case when m is a prime p, since the elements 1 − ζ
and hence, it lies in
3. Finite colored multiple zeta values
be the ring of integers in Q(ζ p ) and p = (1 − ζ p )R p a prime ideal in R p . The residue field R p p forms a finite field with p components (see [14, §1] ), so we let F p = R p p. We write a ∈ F p for a natural image of a ∈ R p . Motivated by (2.2), we consider the ring 
For example, we have
For α ∈ (Z/NZ) × , let P(N; α) be the set of primes congruent to α modulo N. The
Chebotarev density theorem shows that the cardinality of the set P(N; α) is of infinite with density 1/ϕ(N), where ϕ is Euler's totient function. For α ∈ (Z/NZ) × , define the ring A(α) by
Its elements are of the form (a p ) p , where p runs over all primes in P(N; α) and
. Two elements (a p ) p and (b p ) p are identified if and only if a p = b p for all but finitely many primes p ∈ P(N; α). The rational field Q can be embedded into A(α) as follows. For a ∈ Q, set a p = 0 if p divides the denominator of a and a p = a ∈ F p otherwise. Then (a p ) p ∈ A(α) for any α ∈ (Z/NZ) × . In this way, we can also embed Q(ζ N ) into A(α), sending ζ N to ( ζ N ) p for all p ∈ P(N; α). With this, A(α) forms a commutative algebra over Q(ζ N ). For a prime p and an integer m ∈ {1, 2 . . . , p − 1}, there are integers x, y such that
. Therefore, the following definition makes sense.
Definition 3.1. The finite colored multiple zeta value is defined for α ∈ (Z/NZ) × ,
Remark that the case α = −1 was studied by Singer and Zhao [12] .
3.2. Connection with multiple harmonic q-series at roots of unity. As a generalization of the first equation in (1.1), we have the following theorem. 
which is called the colored multiple zeta value of level N [16] (also called multiple L-values in [1] and multiple polylogarithm values at roots of unity in [5] ). The colored multiple zeta value can be written as an iterated integral. We let
For a 1 , . . . , a k ∈ C and a path γ : [0, 1] → C, we consider the possibly divergent integral
into the geometric series and performing the integral repeatedly, we have the following proposition (see [5, 
. For all z in the closed unit disc in C, we have
where 0 k means a sequence of zeros repeated k times. In particular, letting z = 1,
4.2. Algebraic setup. To describe relations, it is convenient to use the algebraic setup given by Hoffman [7] . Following [1, 11, 12] , we recall it. Let
be the non-commutative polynomial algebra over Q and set
e ξ Ae η .
Define the shuffle product ¡ :
for a, b ∈ {0} ∪ µ N and w, w
Equipped with the shuffle product, the vector space A forms a commutative Q-algebra and
¡ for commutative Q-algebras with the shuffle product. For k ≥ 1 and η ∈ µ N , write e k,η = e k−1 0 e η . The subring A 1 is then freely generated by e k,η (k ≥ 1, η ∈ µ N ). We define the harmonic product * :
for k, l ≥ 1, η, ξ ∈ µ N and w, w ′ ∈ A 1 , with the initial condition 1 * w = w * 1 = w.
Equipped with the harmonic product, the vector space A 1 forms a commutative Qalgebra and A 0 is a Q-subalgebra. We also denote by A 1 * and A 0 * the commutative Q-algebras equipped with the harmonic product.
Since the corresponding index η 1 ,...,ηr k 1 ,...,kr to a word e k 1 ,η 1 · · · e kr,ηr ∈ A 0 is admissible, one can define the Q-linear maps
We let L(∅) = I(∅) = 1, where ∅ is the empty word in A. The maps L : A 0 * → C and I : A 0 ¡ → C are algebra homomorphisms, i.e. L(w 1 * w 2 ) = L(w 1 )L(w 2 ) and I(w 1 ¡ w 2 ) = I(w 1 )I(w 2 ) holds for all admissible words w 1 , w 2 ∈ A 0 (see [1, 4, 7] ).
Both are related. Let p : A → A and q : A → A be the Q-linear isomorphisms defined for integers r ≥ 0, k 1 , . . . , k r+1 ≥ 0 and η 1 , . . . , η r ∈ µ N by (4.1)
p(e
holds on A 0 . We remark that the maps p and q preserves A 0 .
4.3.
Extensions of the maps L and I. There are unique extensions of the maps L and I, regularizing the divergent series and the divergent integral. These are algebra homomorphismsL
such that the mapsL andÎ extend L : A 0 * → C and I : A 0 ¡ → C, respectively, and sendÎ(e 1 ) =L(e 1,1 ) = T andÎ(e 0 ) = 0. We sketch how we get the polynomialL(w; T ) for w ∈ A 1 . Since
], any element w ∈ A 1 * can be uniquely written in the form
For this, the polynomialL(w; T ) is defined bŷ 
holds for all k 1 , . . . , k r ≥ 1 and η 1 , . . . , η r ∈ µ N . For example, since e 1,1 e 2,η = e 1,1 * e 2,η − e 2,η e 1,1 − e 3,η , we haveL( For this, the polynomialÎ(w; T ) is given bŷ
which is the unique polynomial satisfying for e k 1 ,η 1 · · · e kr,ηr ∈ A
with some δ > 0. Note that sinceÎ(e 0 ; T ) = 0, we haveÎ(w; T ) =Î(reg 0 (w); T ), where we denote by
the algebraic projection that sends e 0 to 0. For example, it follows that
For the details, we refer to e. For convenience, we write
4.4. Dual setup. In order to describe the regularization theorem by Racinet [11] , we shall work on a dual space of the shuffle Hopf algebra (A, ¡,∆), where the coproduct ∆ :
A → A⊗A is defined as the deconcatenation given by ∆(e a 1 · · · e ar ) = r j=0 e a 1 · · · e a j ⊗ e a j+1 · · · e ar . For structures of the shuffle Hopf algebra, we refer the reader to [16, Appendix] .
Let
be the non-commutative power series algebra over the polynomial ring C[T ], equipped with the concatenation product. For simplicity of notation, we write (e a 1 · · · e ar ) ∨ =
x a 1 · · · x ar and ∅ ∨ = 1, and denote an element S ∈ A ∨ by
where {e 0 , e η | η ∈ µ N } × is the set of words consisting of letters e 0 , e η (η ∈ µ N ) with the empty word ∅. Consider the pairing , :
The shuffle Hopf algebra (A, ¡,∆) is then topologically dual to the completed Hopf
is the antipode that is a continuous anti-automorpshism given by σ(x a ) = −x a for all a ∈ {0} ∪ µ N . An element S ∈ A ∨ is called group-like if ∆ ¡ (S) = S ⊗S and S ∅ = 1. We show the following standard properties on ∆ ¡ . iii) The set of group-like elements in A ∨ forms a group with the concatenation product and with the inverse given by the antipode σ.
× and a ∈ {0, η | η ∈ µ N }. Since ¡ is graded by degree, we easily see that
which proves i).
ii) This follows from (4.5).
iii) We only need to show invertibility of group-like elements. For this, it follows from the definition of the antipode that for a group-like element S ∈ A ∨ we have σ(S)S = Sσ(S) = 1. Hence, σ(S) is inverse to S. We complete the proof.
Let I 0 = x 0 A ∨ be the ideal of A ∨ generated by x 0 . Since x 0 is primitive with ∆ ¡ , the ideal I 0 becomes a Hopf ideal, and hence the quotient map
∨ . Namely, we regard A 1,∨ as a subalgebra of A ∨ . With this, for S ∈ A ∨ , the image π 1 (S) ∈ A 1,∨ can be written as
where
Dualizing the isomorphisms p and q defined in (4.1), we get isomorphismsp :
It follows thatq •p =p •q = id and that
These induce an isomorphism on A 1,∨ , which commutes with π 1 . On A 1,∨ , we havẽ
4.5. Regularization relation. Following [11] , we recall the regularization relation, which compareL andÎ. Consider
SinceÎ is an algebra homomorphism, i.e. Φ ¡ (T ), w ¡ w 
where e T xa = exp(T x a ) = n≥0
x n a n! T n .
ii) Let Λ(x) = exp
. Then we have
Proof. The statement i) follows from [11, Corollaries 2.4.4 and 2.4.5] (see also [12, Lemma 4.4] ). Now prove ii). We note that for w ∈ A 0 , from (4.2) one has
For w ∈ A 1 , we use the regularization relation [11, Corollary 2.4.15]: it is
from which the statement ii) follows (see also [1, Theorem 2.2]).
Symmetric colored multiple zeta values.
In order to introduce our symmetric colored multiple zeta values, let us define
Here for S ∈ A ∨ we write
with t η : A → A being an algebra homomorphism with respect to the concatenation such that t η (e a ) = e aη . We remark that Lemma 4.3 ii) shows the identities
Hence, for w ∈ A 1 we have
Later, we will define symmetric colored multiple zeta value as the coefficients of Ξ α (T +
, T − π 2
). First of all, we compute these coefficients and then prove its independence from T . Lemma 4.4. For integers k 1 , . . . , k r ≥ 1 and η 1 , . . . , η r ∈ µ N , we have
Proof. Let w = e η 0 e 
Letting η 0 = 1 and replacing (η 1 , η 2 , . . . , η r ) with (η 1 , η 1 η 2 , . . . , η 1 · · · η r ), we get the desired result. (−1)
Proof. Note that the map t η is an automorphism for any η ∈ µ N and its inverse is t η . It is easily seen that S η , w = S, t η (w) for all S ∈ A ∨ and w ∈ A, and that S 1 S 2 , w = w=w 1 w 2 S 1 , w 1 S 2 , w 2 for S 1 , S 2 ∈ A ∨ and a word w ∈ A. With this, for η ∈ µ N , one has
Using Lemma 4.3 i), one computes
we have
and so (4.7)
where for the last equality we have used Φ
Since the last term of (4.7) does not depend on T , the desired result follows from Lemma 4.4.
We are now in a position to define our the symmetric colored multiple zeta value. 
So, L S α
Remark 4.7. The series Φ exp (2πi) is also introduced by Jarossay [8, Appendix A]. Each coefficients in Φ exp (2πi) can be written as an integral introduced by Hirose [6] (Jarossay calls the coefficient in Φ exp (2πi) the exponential adjoint cyclotomic multiple zeta value). For a 1 , . . . , a k ∈ {0} ∪ µ N , define
as an iterated integral of ∧ k i=1 ω a i (t i ) along the path β, which is compositions β = dch • α • dch −1 of the straight line path dch from the tangential basepoints 0 ′ to 1 ′ and the path α from 1 ′ to 1 ′ which counterclockwise circle around 1 one times. Using the above integral, we obtain
From Lemma 4.4 and the equation (4.7), the following formula may be proved in much the same was as [6, Corollary 10]:
modulo πi has a relation with the symmetric colored multiple zeta value introduced by Singer and Zhao [12] . Following [12] , for • ∈ { * , ¡} we set
for the symmetric colored multiple zeta value introduced by Singer and Zhao, where we put
e ηr ; T ).
As for notations, Signer and Zhao used ζ * k η [12, Proposition 4.3] ) and that the congruence
holds (see [12, Theorem 4.6] ), where the Z denotes the Q(ζ N )-vector space spanned by all colored multiple zeta values of level N (the above congruence for the case N = 1 is first announced by Kaneko and Zagier [10] , see also [9, Proposition 9.1]). Note that, since our value
4.7.
Connection with multiple harmonic q-series at roots of unity. We first give an asymptotic formula for
, and then generalize (1.1) for N ≥ 1.
Lemma 4.9. For any k ∈ Z r >0 and η ∈ µ r N we have
with a positive integer J depending on k, where γ is the Euler constant.
Proof. For an index k = (k 1 , . . . , k r ) ∈ Z 
with some positive integer depending on k, for an admissible index η k . Our proof is based on the proof of [2, Lemma 2.7]. We compute
We write I 1 and I 2 for the above first and second term, respectively. For I 2 , one computes
.
For I 1 , we first notice that ], we then see that
for some positive constants C 1 , C ′ which depend on k. Thus, for k 1 ≥ 2, the terms I 1 and I 2 are bounded by , in the same way as we obtain the asymptotic formula (4.4), one can show that
where we have used Lemma 2.8 of [2] that is
We complete the proof. where |k| = k 1 + · · · + k r and k ′ = (k 2 , . . . , k r ) and η ′ = (η 2 , . . . , η r ). Therefore, we
Substituting this into (4.9) and then using Lemma 4.9, we have
In the case when m ≡ α mod N, it follows from Theorem 4.5 that
We complete the proof.
5. Kaneko-Zagier conjecture for higher level 5.1. Relations for finite and symmetric colored multiple zeta values. We will prove the reversal relations and the harmonic relations for finite and symmetric colored multiple zeta values, using those for truncated multiple harmonic q-series at roots of unity.
Proposition 5.1. For α ∈ (Z/NZ) × , • ∈ {A, S}, positive integers k 1 , . . . , k r ≥ 1 and
Proof. Using the identity (1 − ζ m )/(1 − ζ m ) = −ζ m and replacing m j with m − m r+1−j , one gets
With this, the results follow from Theorems 3.2 and 4.11 (remark that α can be taken from Z/NZ when • = S).
. . , k r is a homomorphism. Namely, for any words w, w
Proof. The standard technique to prove the harmonic relation is applied (see e.g. [7] ). For example, the harmonic product e k,η * e l,ξ = e k,η e l,ξ + e l,ξ e k,η + e k+l,ηξ corresponds to the identities
In general, we see that the Q-linear map z m :
is an algebra homomorphism with respect to the harmonic product * . Hence, the desired results follows from Theorems 3.2 and 4.11 (also remark that α can be taken from Z/NZ when • = S).
Linear shuffle relation.
We show the linear shuffle relation for finite colored multiple zeta values. Unfortunately, the result is not a consequence of the relation for truncated multiple harmonic q-series at roots of unity.
where |v| and ← v are respectively the weight and the reversal word.
Proof. We use the same technique as in the proof of Theorem 8.1 in [9] . By abuse of notation, we may view the truncated colored multiple zeta value L p for a prime p and the iterated integral I [0,z] (z ∈ C with |z| ≤ 1) as Q-linear maps L p : A 1 → C and
By Proposition 4.1 we have
Using this, for u = e k 1 ,η 1 · · · e kr,ηr ∈ A 1 and w = e l 1 ,ν 1 · · · e ls,νs ∈ A 1 we compute For u, w ∈ A with w = e a 1 · · · e an it can be shown (see [6, Lemma 19] ) that e 1 (u ¡ w) − (−1)
i+1 e 1 u ¡ e a 1 · · · e a i ¡ e an · · · e a i+1 .
Thus, for u ∈ A 1 and w = ve 1 with v ∈ A, using Lemma 4.4, one can compute
, e 1 (u ¡ ve 1 )
← v e 1 u)) (mod πiZ).
We are done. . The case N = 1 was shown by Hirose [6] , which uses Yasuda's result [15] that the symmetric multiple zeta values generate the whole space spanned by all multiple zeta values. The case N > 1 is open.
(ii) We may also expect a conjecture stating that, for each α ∈ (Z/NZ) × , the
is a well-defined algebra isomorphism.
These expectations are viewed as a level N analogue of the Kaneko-Zagier conjecture, which in the case α = −1 is proposed in [12, Conjecture 1.2] .
